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Abstract. We consider an integrable Hamiltonian system with n-degrees of 
freedom whose first integrals are invariant under the symplectic action of 
a compact Lie group G. We prove that the singular Lagrangian foliation 
associated to this Hamiltonian system is symplectically equivalent, in a G- 
equivariant way, to the linearized foliation in a neighborhood of a compact 
singular non-degenerate orbit. We also show that the non-degeneracy condi- 
tion is not equivalent to the non-resonance condition for smooth systems. 

Resume. On considere un systeme hamiltonien integrable a n degres de liberte 
et une action symplectique d'un groupe de Lie compact G qui laisse invariantes 
les integrales premieres. On prouve que le feuilletage lagrangien singulier at- 
tache a ce systeme hamiltonien est symplectiquement equivalent, de fagon G- 
equivariante, au feuilletage linearise dans un voisinage d'une orbite compacte 
singuliere. On demontre aussi que la condition de non-degenerescence n'est 
pas equivalente a la non-resonance pour les systemes differentiables. 



1. Introduction 

In this paper, we are interested in the geometry of integrable Hamihonian sys- 
tems on symplectic manifolds. When we refer to an integrable Hamiltonian system, 
we mean that it is integrable in the sense of Liouville. That is to say, the system is 
given by a moment map F on {M'^^,u), 

(1.1) F= (Fi,...,F„) : (m2",c^) ^M" 

whose component functions Fi are functionally independent almost everywhere and 
Poisson commuting {{Fi^Fj} = for any i,j). The Hamiltonian system considered 
will be called smooth or real analytic if the corresponding moment map is so. Let 
X ~ Xh be the Hamiltonian vector field associated to a given function H , we say 
that this Hamiltonian vector field is integrable if there exists a moment map with 
Fi = H. 
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In our approach to the study of the integrable Hamiltonian system, the original 
Hamiltonian function defining the system will be left aside and our study will be 
focused on the singular Lagrangian fibration given by the level sets of the moment 
map. This moment map generates an infinitesimal Poisson M"-action on {M'^",uj) 
via the Hamiltonian vector fields Xp-^ , . . . , Xf„ ■ Denote by O an orbit of this M"- 
action. We will assume that O is a closed submanifold (i.e. compact without 
boundary) of (M^" , oj) . Then it is well-known that O is diffeomorphic to a torus 
since the vector fields Xp-^ , ■ ■ ■ , Xp^ are complete on O, and O is a quotient of the 
Abelian group R" by a cocompact subgroup. 

The complete integrability of Hamiltonian systems is an old problem. In the 
XIX century, Joseph Liouville 1181 proved that if a Hamiltonian system has n func- 
tionally independent integrals in involution then it is integrable by quadratures. To 
our knowledge, Henri Mineur was the first who gave a complete description, up to 
symplectomorphism, of the Hamiltonian system in a neighborhood of a compact 
regular orbit of dimension n. In his papers |16[ 1171 118 | . it is proven that under 
the previous assumptions, there is a symplectomorphism cj) from a neighborhood 
{U{0),uj) of O in (M2", u) to (Z?" x T", J^" dv, A d^.,), where {vi, j/„) is a coor- 
dinate system on a ball -D", and {fii{modl), /i„(modl)) is a periodic coordinate 
system on the torus T", such that is a map which depends only on the vari- 
ables i'i,...,h'n- The functions qi — (f>* fii on IA{0) are called angle variables, and 
the functions pi — (j)*i>i are called action variables. 

Although the works of Henri Mineur date back to the thirties, the theorem stated 
above has been known in the literature as Arnold-Liouville theorem. 

Mineur |l()l IT^ also showed that the action functions pi can be defined via the 
period integrals: 



Here /3 is a primitive 1-form of the symplectic form, i.e. df3 — lu, and Ti(x) for 
each point x near O is a closed curve which depends smoothly on x and which lies 
on the Liouville torus containing x. The homology classes of ri(a:;), Tn{x) form 
a basis of the first homology group of the Liouville torus. The above important 
formula for finding action functions will be called Mineur's formula. It can be used 
to find action functions and hence torus actions and normalization not only near 
regular level sets of the moment map, but also near singular level sets as well, see 
e.g. I2S1I2Z1- In particular, in |2Z] this Mineur's formula was used in the proof of 
the existence of a local analytic Birkhoff normalization for any analytic integrable 
Hamiltonian system near a singular point. 

The above-mentioned action-angle coordinates entail a "uniqueness" for the sym- 
plectic structure and the regular Lagrangian fibration in a neighborhood of a com- 
pact orbit. In fact, they provide a "linear model" in a neighborhood of a regular 
compact orbit. In the same spirit, the aim of the present paper is to establish 
an analog of this classical Liouville-Mineur- Arnold theorem for the case when the 
orbit O is singular, i.e. is of dimension m = dimO smaller than n, under a natural 
nondegeneracy condition. We will show that the system can be "linearized" near 
O up to fibration-preserving symplectomorphisms. The fibration in question is the 
singular Lagrangian fibration given by the moment map. We also take into account 
the possible symmetries of the system. Namely, we will show that in the case there 
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exists a symplectic action of a compact Lie group in a neighborhood of O preserving 
the moment map, this hnearization can be carried out in an equivariant way. 

2. Preliminaries and statement of the main results 

2.1. Nondegenerate orbits. In this paper, the orbit O is assumed to be nonde- 
generatc. The concept of non-degenerate orbit was introduced by Ehasson. Let us 
recall what it means (see, e.g.,|H], EH)- A point x £ AP" is caUed singular for the 
system if its rank, i.e. the rank of F at x, is smaller than n. If rank x = m then 
m is also the dimension of the orbit through x of the local Poisson K" action. If 
rank a; = 0, i.e. a; is a fixed point, then the quadratic parts , ...,Fn of the 
components Fi,...,Fn of the moment map at x are Poisson-comniuting and they 
form an Abelian subalgebra. A, of the Lie algebra Q{2n,R) of homogeneous qua- 
dratic functions of 2n variables under the standard Poisson bracket. Observe that 
the algebra Q{2n,R) is isomorphic to the symplectic algebra sp(2n,R). A point x 
will be called a non-degenerate fixed point if ^ is a Cartan subalgebra of Q{2n,M.). 

More generally, when rank a; = m > 0, we may assume without loss of generality 
that dFi A ... AdF„i{x) ^ 0, and a local symplectic reduction near x with respect to 
the local free R™-action generated by the Hamiltonian vector fields Xp^^, ...,Xp^ 
will give us an m-dimensional family of local integrable Hamiltonian systems with 
n — m degrees of freedom. Under this reduction, x will be mapped to a fixed point in 
the reduced system, and if this fixed point is nondegenerate according to the above 
definition, then x is called a nondegenerate singular point of rank m and corank 
(n — m) . The orbit O will be called nondegenerate if it contains a nondegenerate 
singular point. In fact, if a point in O is nondegenerate then every point of O is 
nondegenerate because nondegeneracy is a property which is invariant under the 
local Poisson R"-action. 

2.2. The Williamson type of an orbit. According to we will define the 
Williamson type of a nondegenerate singular point x G O as a triple of nonnegative 
integers (fee, kh,kf), where ke (resp., kh,kf) is the number of elliptic (resp., hyper- 
bolic, focus- focus) components of the system at x. Let us recall what fee, kh and 
kf stand for. When rank cc = 0, a generic linear combination of the linear parts 
of the Hamiltonian vector fields Xp-^, Xp^ at x has fee pairs of purely imaginary 
eigenvalues, kh pairs of real eigenvalues, and kf quadruples of non-real non-purely- 
imaginary complex eigenvalues (note that the set of eigenvalues is symmetric with 
respect to the real axis and the imaginary axis). If rank x ^ 0, we can perform a 
symplectic reduction first and the values of ke, kh and kf coincide with the values 
of kf,, kh and fc/ at the point corresponding to x in the reduced space. In particular, 
we have ke + kh + 2kf = n — m. The triple (fee, kh,kf) is also called the Williamson 
type of O, because it does not depend on the choice of x in O. When fc/j = fc/ = 0, 
we say that the singular orbit is of elliptic type. 

2.3. The linear model. We are going to introduce the linear model associated to 
the orbit O for a given symplectic action preserving the system. Later, we will see 
that the invariants associated to the linear model are the Williamson type of the 
orbit and a twisting group P attached to it. 

Denote by {pi, ...,pm) a linear coordinate system of a small ball I?™ of dimension 
m, (gi(mo(il), qm{modl)) a standard periodic coordinate system of the torus T™, 
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and {xi,yi, Xn~m,yn~-m) a linear coordinate system of a small ball £)2(" ™) of 
dimension 2(n — m). Consider the manifold 

(2.1) y = D™ X T™ X d2("-™) 

with the standard symplectic form ^ dpi A dqi + ^ dxj A dj^j , and the following 
moment map: 

(2.2) (p, h) = (pi, /ii, /i„_,„) : y ^ M" 
where 

hi = xf + yf for 1 < i < fee , 
, . /ij = Xij/i for ke + 1 < i < ke + kh , 

hi = Xiyi+i - Xi+iyi and 

hi+i = Xiyi + Xi+iyi+i for i = k^ + kh + 2] - I, 1 < j < kf 

Let r be a group with a symplectic action p{T) on V, which preserves the moment 
map (p, h). We will say that the action of F on y is linear if it satisfies the following 
property: 

r acts on the product V — D"^ x T™ x £)2(n-ni) componentwise; the action 
of r on is trivial, its action on T'" is by translations (with respect to the 
coordinate system {qi, ...,qm)), and its action on £)2("-"i) linear with respect to 
the coordinate system (xi,yi, ...,Xn-m,yn-m)- 

Suppose now that F is a finite group with a free symplectic action p{T) on 
V , which preserves the moment map and which is linear. Then we can form the 
quotient symplectic manifold V/T, with an integrable system on it given by the 
same moment map as above: 

(2.4) (p, h) = (pi, ...,p„„ /ii, /i„_„) : V/T ^ R" 

The set [pi = Xi = yi = Q} C V/T is a compact orbit of Williamson type (fee, fc/, kh) 
of the above system. We will call the above system on V/T, together with its 
associated singular Lagrangian fibration, the linear system (or linear model) of 
Williamson type (fee, kf, kh) and twisting group T (or more precisely, twisting action 
p(T))- We will also say that it is a direct model if T is trivial, and a twisted model 
if r is nontrivial. 

A symplectic action of a compact group G on V/T which preserves the moment 
map {pi, ...,pm, hi, hn-m) will be called linear if it comes from a linear symplectic 
action of G on y which commutes with the action of T. In our case, let Q' denote 
the group of linear symplectic maps which preserve the moment map then this 
group is abelian and therefore this last condition is automatically satisfied. In 
fact G' is isomorphic to T™ x Gi x G2 x G3 being Gi the direct product of k^ 
special orthogonal groups S'0(2,IR), G2 the direct product of kh components of 
type S'0(1, 1, M) and G3 the direct product of kf components of type M x 5*0(2, R), 
respectively. 

Now we can formulate our main result, which is the equivariant symplectic lin- 
earization theorem for compact nondegenerate singular orbits of integrable Hamil- 
tonian systems: 

Theorem 2.1. Under the above notations and assumptions, there exists a finite 
group T, a linear system on the symplectic manifold V/T given by Y2,.ll2.ii%2J^2.4^ , 
and a smooth Lagrangian- fibration-preserving symplectomorphism (j) from a neigh- 
borhood of O into V/T, which sends O to the torus {pi = Xi — yi — 0}. The 
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smooth symplectomorphism (f> can be chosen so that via cj), the system-preserving 
action of the compact group G near O becomes a linear system-preserving action 
of G on V/T . If the moment map F is real analytic and the action of G near O is 
analytic, then the symplectomorphism (f> can also be chosen to be real analytic. If 
the system depends smoothly (resp., analytically) on a local parameter (i.e. we have 
a local family of systems), then (p can also be chosen to depend smoothly (resp., 
analytically) on that parameter. 

Remarks. 

1) In the case when O is a point and G is trivial, the above theorem is due to 
Vey in the analytic case, and Eliasson jJl IHI in the smooth case. The smooth 
one-degree-of freedom case is due to Colin de Verdiere and Vey [3] . 

2) In the case when O is of elliptic type and G is trivial, the above theorem is 
due to Dufour and Molino 7^ and Eliasson JS]. 

3) The analytic case with G trivial of the above theorem is due to Ito [12) . 

4) The case with n — 2,m — 1, O oi hyperbolic type and G trivial is due to 
Colin de Verdiere and Vu Ngoc San 4 , and Curras-Bosch and the first author [Hj . 
The symplectic uniqueness for the linear twisted hyperbolic case is not completely 
established in A complete proof for the twisted hyperbolic case when n — 2 
and TO = 1 was given by Curras-Bosch in pi . The general smooth non-elliptic case 
seems to be new. 

5) A topological classification for nondegenerate singular fibers of the moment 
map (which contain nondegenerate singular orbits but are much more complicated 
in general) was obtained in 25^ , together with the existence of partial action-angle 
coordinate systems. However, the problem of classification up to symplectomor- 
phisms of singular orbits or singular fibers was not considered in that paper. 

6) As it was already pointed out by Colin de Verdiere and Vu Ngoc San, the 
above theorem has direct applications in the problem of semiclassical quantization 
of integrable Hamiltonian systems. Of course, it is also useful for the global study 
of integrable Hamiltonian systems and their underlying symplectic manifolds. 

7) As it has been shown by the first author in jj^ , this theorem has applications 
in the analogous contact linearization problem for completely integrable systems 
on contact manifolds. 

The rest of the paper is organized as follows: in section 3 we study the case of a 
fixed point and give the corresponding G-equivariant result. As a by-product, we 
prove that the path component of the identity of the group of symplectomorphisms 
preserving the system is abelian. In section 4 we prove the general case. In the 
Appendix we show that the non-degeneracy condition is not equivalent to the non- 
resonance condition for smooth systems. 

3. The case of a fixed point 

In this section we consider the case when O is a point and we prove that the 
symplectic action of G can be linearized symplectically in a fibration-preserving 
way. 

This linearization result can be seen as a generalization of Bochner's linearization 
theorem (P) in the case the action of the group preserves additional structures: the 
symplectic form and the fibration. An equivariant Darboux theorem for symplectic 
actions of compact Lie groups in a neighborhood of a fixed point was proved by 
Weinstein in [21]. In the case the actions considered are the initial action and the 
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linear action this equivariant Darboux theorem entails a symplectic linearization 
result in a neighbourhood of a fixed point ( see for example [2] and |24|'l. 

We will linearize the action of G using the averaging methods of Bochner's lin- 
earization. These averaging tricks will be applied to fibration-preserving symplec- 
tomorphisms which will be presented as the time-l-map of a Hamiltonian vector 
field. 

In order to linearize the action of the compact Lie group in a fibration preserving 
way we will work with a linear fibration and with the standard symplectic form. 
The results of Eliasson S', (for smooth systems) and Vey (for real analytic 
systems) show that there is a fibration-preserving symplectomorphism from a neigh- 
borhood of O in (Ajf^", ix), F) to a neighborhood of the origin of the linear system 
(R^", X]"=i ^ h), where h — [hi, ...,hn) is the quadratic moment map given 
by Formula H2.3|l . If the compact symmetry group G in Thcorcm l2.1l is trivial, then 
we are done. Suppose now that G is nontrivial. We can (and will) assume that 
the singular Lagrangian fibration near O is already linear. We will refer to this 
Lagrangian fibration as J- . It remains to linearize the action of G in such a way 
that the fibration remains the same. It would be interesting to adapt the proof of 
Eliasson for actions of compact Lie group but unfortunately some of the steps in 
his proof do not seem to admit an equivariant version. 

Let us fix some notation that we will use throughout the paper. The vector field 
will stand for a Hamiltonian vector field with associated Hamiltonian function 
We denote by (p^'x the time-s-map of the vector field X. Let be a local 
diffeomorphism ijj : (IR^",0) (R^",0). In the sequel, we will denote by t/j^^^ the 
linear part of ^ at 0. That is to say, ij^^^^x) — doip{x). 

The group Q stands for the group of local automorphisms preserving the system, 
g = {(t): (R2",0) (R2",0), such that 0*(w) = uj, h o = h}, and Go stands 
for the path-component of the identity of Q. We denote by g the Lie algebra of 
germs of Hamiltonian vector fields tangent to the fibration J-. 

The subgroup of linear transformations contained in Q is denoted by Q' . As we 
have observed in the introduction Q' is abelian. 

The goal of this section is to prove a local linearization result (Proposition 
for a given smooth action of a compact Lie group G. In order to prove this result 
we will have to show that given any local automorphism ip (£ G then o tp~^ 
can be presented as the time-l-fiow of a Hamiltonian vector field as it is shown in 
Corollary E3I 

As we will see this is, in fact, a consequence of theorem 13.21 which shows that 
the exponential mapping exp: q — > Qq determined by the time-l-flow of a vector 
field X G g is a surjective group homomorphism. 

Before stating this theorem we need the following sublemma. 

Sublemma 3.1. The Lie algebra g is abelian and for any pair of vector fields Xq-^ 
and Xq^ contained in g the following formula holds 

Proof 

Let Xgi and Xg2 be two vector fields in g. Since {Gi, G2} = cj{Xgi,Xg2) and 
Xgi and Xg2 are tangent to the Lagrangian fibration T then {Gi,G2}l = for 
any regular fiber L of T. On the other hand, since the set of regular fibers is dense 
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and Xgt^ and are also tangent along the singular fibers, the bracket {Gi, G2} 
vanishes everywhere. 

This implies in turn that [Xq-^, XG2] = and the Lie algebra g is abelian. 
Therefore the flows associated to Xq-^ and Xg2 commute. As a consequence as = 
4'Xg ° ^ one-parameter subgroup. 

A simple computation shows that its infinitesimal generator is Xq-^ + Xq^ and 
this ends the proof of the sublcmma. 

□ 

Observe that given a vector field Xq in g, its time-s-flow (j)''^^ preserves the 
moment map h because Xq is tangent to J-. It also preserves the symplectic form 
since it is the flow of a Hamiltonian vector field. Finally since the vector field 
Xq vanishes at the origin the mapping 4''^Xg fixes the origin. Therefore, 4''xg 
contained in Q. In fact it is contained in Qq since — Id. 

We denote by exp: g — > Qo the exponential mapping defined by exp{Xc) ■= 
'Pxg ^'^^ ^'^y -^G £ 9- We can now state and prove the first theorem of this section. 

Theorem 3.2. The exponential eiq) : g — > Qq is a surjective group homomorphism, 
and moreover there is an explicit right inverse given by 

r-l 



(peGa' — > I Xtdt e g 

where Xt E Q is defined by 



for any path Rt contained in Qq connecting the identity to (j). 
Proof 

The formula proved in sublemma \'A . II with s = 1 shows that the exponential is a 
group homomorphism. It remains to show that it is surjective. 

Let Rg be a path in C/q such that i?o — Id and Ri — <j> for a given (j) E Go- 
We define the time-dependent vector field Xt by the following formula: 

*<«''-^^ 

Observe that Xt is tangent to the fibration !F for any t contained in [0, 1] because 
the diffeomorphism Rt preserves the fibration .F, Vt. On the other hand since Rt 
is a symplectoniorphism for any t, the vector field Xt is locally Hamiltonian. Since 
the symplectic manifold considered is a neighbourhood U of the origin the vector 
field is indeed Hamiltonian. Thus, Xt is contained in the Lie algebra g. 

Now consider Yt = Xrdr. This vector field is also contained in g. 

We will show that exp Ft = Rt for any t £ [0, 1]. Particularizing t — 1, this shows 
that exp Yi = Ri = (p and therefore the mapping of the statement is an explicit 
right inverse of the exponential mapping and the exponential is surjective. 

In order to show the equality expYi = Rt,t E [0, 1]. We will show that it satisfies 
the same nonautonomous differential equation 

d{expYt) 
Xtie.pYt) = ^^ 

and this will imply expYt — Rt,t E [0, 1] since the initial conditions are the same. 
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In fact, we will prove that, 
(3.1) sX,icf>i.J^^ 

which leads to the desired result when s = 1 since by definition (py^ = exp Yt . 

Observe that the formula we want to prove is equivalent to the fact that the 
vector field sXt is tangent to the curve o at any point p. Therefore, 

we can write formula 13. II as. 

After differentiation with respect to s the formula we want to prove becomes: 



We will first compute, 

d 



ds 

According to sublemma 13 . II the Lie algebra g is abelian and we may write 

Observe that Yf+„ — Yt — /j*^" X^dr. 

On the one hand using the definition of flow, 



t+u 

Xrdr. 



On the other, since 

Xrdr — uXt 

(3.3) lim = 0, 

we can write /j*^" Xrdr = uXt + o(u), uniformly in t. 
Therefore, 

(3.4) ^(0^^^j0^J-i)=^X,+o(^). 
finally differentiating in u and particularizing u ~ we obtain 

i^i^,X^hrX=o-xt. 

duds\u=n ^ 

This proves formula 13.21 and this ends the proof of the theorem. 



□ 



Remark: Observe that this exponential mapping is not always injective. Since 
a vector field X G g is a Hamiltonian vector field tangent to T, its hamiltonian 
function is a first integral of the system given by h. Therefore X = ^0(/ii,...,/t„) 
when restricted to each connected component of the regular set of h. Bearing 
this in mind, it is easy to see that the exponential is injective if there are only 
hyperbolic components (Williamson type (0,n, 0)). If there are elliptic or focus- 
focus components any vector field of type X — X2-Kkhi , fc e Z (with hi standing for 



EQUIVARIANT NORMAL FORM FOR SINGULAR ORBITS 



9 



an elliptic function or for a function hi in a focus- focus pair hi,hi+i) is contained 
in the kernel of the exponential. In fact, the kernel is generated by these vector 
fields. In particular, this guarantees that exp is always locally injective. 

The theorem above has direct applications to the linearization problem posed at 
the beginning of this section but it also tells us that Qq is abelian. 

Corollary 3.3. The group Qq is abelian. 

Proof. According to Theorem l3.2l the exponential mapping is a surjective morphism 
of groups and according to sublemma Kill t he Lie algebra g is abelian. This implies 
that Qo is abelian. □ 

Remarks: 

1) One could also check that Qq is abelian using the following: Observe that it 
is enough to check that any two diffeomorphisms (pi and (j32 in Go commute on an 
open dense set. We consider the dense set O determined by the regular points of the 
fibration. Now consider the submanifold = {(a^i 

SiUi, yi} with di G { — 1, +!}• It is a Lagrangian submanifold. In the case there are 
no hyperbolic components, taking Si = 1 and Si+i = —1 for the focus-focus pairs 
hi and /i^+i, the submanifold is transversal to the regular Lagrangian 

fibration induced by F on f7. So we may apply a result of Weinstein |23J which 
ensures that the foliation is symplectomorphic in a neighborhood of L to the foli- 
ation by fibers in T*{L) endowed with the Liouville symplectic structure. In this 
way we may assume that the symplectic form is w = dpi A dqi being qi co- 
ordinates on L. The fibration is then determined by F = (gi, . . . , Now any 
diffeomorphism lying in Q can be written in the form 4>{qi, . . . , 9n,Pi, . . . ,Pn) — 
(gi, . . . , g„,pi -I- ai(g), . . . ,p„ -I- for certain smooth functions a^. Clearly 

any two diffeomorphism of this form commute and therefore this proves that Go is 
abelian. In the case there are hyperbolic components since 0i and 4>2 leave each 
orthant invariant. In each orthant we may consider an appropriate choice of Si for 
hyperbolic functions hi such that L(^g^ is a transversal Lagrangian submanifold 
to the fibration restricted to this orthant. And we may repeat the argument above 
for F restricted to each orthant to conclude that Qo is abelian. 

As observed by Weinstein in |23| , the study of local symplectomorphism preserv- 
ing the foliation by fibers in T*{L) has relevance in the study of lagrangian-foliated 
symplectic manifolds. 

2) Although G is also abelian for analytical systems, it is not always abelian if 
we consider smooth systems as the following example shows: 

Consider n = 1 and h = xy. Let ip be the smooth function: 

V^x, y) = 
and let <f> be the time-l-map of 

Another interesting consequence of Theorem l3.2l is the following result about the 
local automorphisms of the linear integrable system (R^", X^iLi ^ ^2/*' '^)- 



I e a; > 

\2e~T^ x<Q 

Then <b does not commute with the involution 
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Corollary 3.4. Suppose that ijj : (R^",0) (R^",0) is a local symplectic dif- 
feomorphism o/ M^" which preserves the quadratic moment map h — {hi, ...,h„). 
Then, 

(1) The linear part is also a system-preserving symplectomorphism. 

(2) There is a vector field contained in g such that its time-l-map is ■0'-^'' o'<p~^ ■ 
Moreover, for each vector field X fulfilling this condition there is a unique 
local smooth function ^ : (R^",0) R vanishing at which is a first 
integral for the linear system given by h and such that X — X^^f . If ip is 
real analytic then 5" is also real analytic. 

Proof. We are going to construct a path connecting tp to -0^^^ contained inQ = {(jj : 
0) ^ (R2», 0), such that 0*(tj) = cj, h o h}. Given a map -0 e Q, we 
consider 

[ ^(^^x) t^O 

being gt the homothecy gt{xi, . . . , Xn) = t{xi, . . . , 

Observe that in case i}: is smooth, this mapping Sf is smooth and depends 
smoothly on t. In case ij) is real analytic, the corresponding Sf is also real analytic 
and depends analytically on t. 

First let us check that ho sf = h when t ^ 0. We do it component- wise. 

Let X = {xi, . . . , Xn), then 

where in the first and the last equalities we have used the fact that each component 
hj of the moment map /i is a quadratic polynomial whereas the condition ho^j = h 
yields the second equality. 

Now we check that {Sf)*{Lo) — ui when i 0. Since uj — 'Y^dxi A dyi, then 
gt{uj) ~ t^bj. But since preserves uj then 

{SI) (w) = {^—) ^ = '^ 

when < ^ 0. 

So far we have checked the conditions h o Sf = h and {Sf)*{uj) — lj when 
t ^ but since Sf depends smoothly on t we also have that h o Sq^ = h and 
{Sq)*{uj) = oj. So, in particular, we obtain that = tp^^^ preserves the moment 
map and the symplectic structure and therefore -0^^^ is also contained in Q. This 
proves the first statement of the corollary. 

In order to prove the second statement we only need to show that 2p^^^ o -0^^ is 
contained in Qq. Then, we can apply Theorem 13. 21 to conclude. 

Consider 

with t e [0, 1], this path connects the identity to 0^^-' o i/;"^ and is contained in Qq. 

Then the formula of Theorem 13.21 applied to this path provides a vector field 
X whose time-l-map is V'''^' ° "0"^ si,nd there exists a unique Hamiltonian function 

vanishing at such that X<s, — X. Since the vector field Xq, is tangent to the 
foliation then hi} = 0, V?, in other words, \E' is a first integral of the system. 
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□ 

In the case the action of G depends on parameters we have a parametric version 
of Corollary El 

Corollary 3.5. Let Dp stand for a disk centered at in the parameters pi, . . . ,Pm- 
We denote by p — {pi, . . . ,Pm). Assume that ipp '■ (M^",0) — > (K^",0) is a local 
symplectic diffeomorphism ofR'^" which preserves the quadratic moment map h and 
which depends smoothly on the parameters p. Then there is a local smooth function 
: (R^", 0) — > M vanishing at depending smoothly on p which is a first integral 
for the linear system given by h and such that ipg^"^ o Tp~^ is the time-1 map of the 
Hamiltonian vector field X^i,^ of '^^ . If -ipp is real analytic and depends analytically 
on the parameters then 'I'p is also real analytic and depends analytically on the 
parameters. 

Proof. We will apply again Theorem 13. 21 We consider the path 

where gt{p) = (tpi, . . . ,tpm). This path is smooth (resp. analytic) if ^ is smooth 
(resp. analytic) and depends analytically on t and is contained in Qq. Because of 
theorem l3.2l we can associate a Hamiltonian vector field to this path such that 

its time-l-map coincides with i/jj^'^ o [ipp)^^. By construction, this function 'J'p is 
smooth (or real analytic) if ipp is smooth (or real analytic) and depends smoothly 
or analytically on the parameters if ipp does so. 

□ 

After this digression, we will prove our local linearization result. By abuse of 
language, we will denote the local (a priori nonlinear) action of our compact group 
G on (R^", X)r=i ^ dyi,h) by p. For each element g & G, denote by -''^^.(g) 
the Hamiltonian vector field constructed via the formula explicited in Theorem 13. 21 
applied to the path Rt explicited in CoroUarv 13.41 The time-1 map of this vector 
field is p((?)'-^-' o p{g)^^ where p((?)'-^-' denotes the linear part of p{g). It is clear that 
this defines a smooth function ^'(g). 

Consider the averaging of the family of vector fields X^,(^g) over G with respect 
to the normalized Haar measure dp on G. That is to say, 

(3.5) Xg{x)= [ X,y(^g){x)dii, xeR^n 

JG 

This vector field is Hamiltonian with Hamiltonian function J^, ^!{g)dp. Denote 
by $G the time-1 map of this vector field Xq. 

Proposition 3.6. $g is a local symplectic variable transformation of R^" which 
preserves the system (R^", X]r=i '^■^^ ^ dyi^h.) and under which the action of G 
becomes linear. 

Proof. Since is the time-1 map of vector field contained in g, <I>g is a symplecto- 
niorphism preserving the fibration. Therefore it defines a local symplectic variable 
transformation. Let us check that this transformation linearizes the action of G. 
From the definition of <I>g and formula [3. 51 
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{x)dii 



But since, ^x^^ ^ = p{gY^^ ° p{g) ^ we have, 

^cix)^ I pigY'^ o pig)-\x)dti 

JG 

We proceed as in the proof of Bochner's hnearization Theorem PP, 

o o p{h)-'){x) = p{hY'^ o / o p{g)-^){p{h)-\x))dp. 

JG 

Using the hnearity of p{hY^^ and the fact that p stands for an action, the ex- 
pression above can be written as, 

/ {p{h)op{g))^^)o{p{h)op{g))-\x)dp 
JG 

Finally this expression equals $g due to the left invariance property of averaging 
and we have proven as we wanted. 

□ 

Remark. A fortiori, one can show that any analytic action of a compact Lie 
group G on (M^", Y^^=i '^^i ^ ^Vi' ^) niust be linear (so no need to linearize). Only 
in the smooth non-elliptic case the action of G may be nonlinear. And even in the 
smooth case, if G is connected then its action is also automatically linear. 

In the case the action of G depends on parameters, this proposition and Corollary 
13.41 lead to its parametric version. 

Proposition 3.7. In the case the action pp depends smoothly (resp. analytically) 
on parameters there exists a local symplectic variable transformation o/M^", $p 
which preserves the system and which satisfies, 

'S>pOppih)^Poih)(^'>o^p 

The proposition above will be a key point in the proof of the linearization in a 
neighborhood of the orbit. 

Remark: In this section we have addressed a linearization problem with a 
foliation determined by a moment map h = {hi, . . . ,hn) corresponding to a non- 
degenerate singularity. Thanks to the smooth linearization result of Eliasson this 
moment map has very specific component functions hi of elliptic, hyperbolic and 
focus-focus type. 

However, some of the results in this section do no use this particularity and 
remain valid in a more general context. For instance sublemma 13 . II and Theorem 
13.21 hold for a completely integrable system which defines a generically Lagrangian 
foliation and having the origin as singular point. 

Corollaries 13 . 41 and 13 . 51 also remain valid if we also assume that the component 
functions hi are homogeneous because the path St also preserves h under this con- 
dition. In particular, the final linearization results Proposition 13.61 and Proposition 
13.71 also hold for foliations whose moment map has homogeneous component func- 
tions. 
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4. The general case 



Suppose now that dimO — m > 0. For the moment, we will forget about the 
group G, and try to linearize the system in a non-equivariant way first. 

First let us recall the following theorem proved by the second author in |25|: 

Theorem 4.1. Let {U{N),J-') be a nondegenerate singularity of Williamson type 
(ke, kfi, kf) of an integrahle Hamiltonian system with n degrees of freedom. Then 
there is a natural Hamiltonian action of a torus ']r"^'^''»^'=/ which preserves the 
moment map of the integrahle Hamiltonian system. This action is unique, up to 
automorphism o/T""'^''"'^^ and it is free almost everywhere in U{N). 

In this theorem U (N) stands for a neighborhood of a leaf N. If we consider an 
orbit instead of a leaf of rank m and Williamson type (fee, kh, kf) we obtain a locally 
free system-preserving torus T^-action in a neighborhood of the orbit O. In fact, 
this action can be found by using either Mineur's formula 11.2|l or alternatively the 
flat affine structure on the (local) regular orbits near O of the Poisson M"-action, 
and the existence of m non- vanishing cycles on these orbits. Let us denote by 
{pi, ...,pm) an m-tuple of action functions near O which generates such a locally- 
free T^-action, and denote by Xi, Xm the m corresponding periodic (of period 
1) Hamiltonian vector fields. 

Of course, O is an orbit of the above T™-action. Denote by F the isotropy group 
of the action of T™ on O. So F is a finite Abelian group. There is a normal finite 
covering 14{0) of a tubular neighborhood U{0) of O such that the T'"-action on 

W(0) can be pulled back to a free T'^-action on U{0). The symplectic form w, 
the moment map F and its corresponding singular Lagrangian fibration, and the 
action functions pi, ...,p„i can be pulled back to U{0). We will use~to denote the 
pull-back: for example, the pull-back of O is denoted by O, and the pull-back of pi 

is denoted by pi. The free action of F on U{0) commutes with the free T™-action. 
By cancelling out the translations (symplectomorphisms given by the T^-action 

are called translations), we get another action of F on U{0) which fixes O. We will 
denote this later action by p' . 

Take a point a; e O, a local disk P of dimension (2n — m) which intersects O 
transversally at x and which is preserved by p' . Denote by gi, ...qm the uniquely 
defined functions modulo 1 on U{0) which vanish on P and such that Xi{qi) = 1, 
■^iilj) — a i ^ j. Then each local disk {pi = const., ...,p^ = const.} n P near 
X has an induced symplectic structure, induced singular Lagrangian fibration of an 
integrahle Hamiltonian system with a nondegenerate fixed point, which is invariant 
under the action p' of F. Applying the result of the previous Section, i.e. Theorem 
12.11 in the case with a fixed point, compact symmetry group F, and parameters 
Pi, ...,Prm we can define local functions a?i, yi, a;„_m, 2/n-m on P, such that they 
form a local symplectic coordinate system on each local disk {pi = const., ...,jhn = 
const.} n P, with respect to which the induced Lagrangian fibration is linear and 

the action p' of F is linear. We extend 5i, yi, Xn-m, Un-m to functions on hl{0) 
by making them invariant under the action of T™. Define the following symplectic 
form on U{0): 



(4.1) 
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Consider the difference between uj and uJi : 

Lemma 4.2. There exist functions gt in a neighborhood of O inlA[0), which are 
invariant under the -action, and such that 

(4.2) uJ{ — UJ ~ dpi A dgi . 

Proof. By definition of uJi, the vector field Xi is also the Hamiltonian vector field 
of Pi with respect to uJi. Thus we have XijiuTi — cD) = and XijdiuTi — 5) = 0. In 
other words, uJi—u) is a basic 2-form with respect to the fibration given by the orbits 
of the T^-action, i.e. it can be viewed as a 2-form on the (2n — m)-dimensional 
space of variables (j^i, ...,p^,a^,yi, Xn-m,yn-m)- Moreover, by construction, 
the restriction of o^i on each subspace {pi = const., ...,jhn = const.} coincides with 
the restriction of uj on that subspace. Thus we can write 

UJl — UJ = dpi A Ui 

where each Oi is an 1-form in variables (pi, xi, yi, Xn-m, yn-m)- We have 

that ^ dpi A dai — ctuji — duj = 0, which implies that the restriction of Oi on each 
subspace {pi — const., ...,p^ = const.} is closed (hence exact), so we can write Oi 
as ^ 

= + ^ cTjdpj 

where Pi and cjj are functions of variables {pi, ...,p^,xi,yi, ...,Xn^m,yn-rn)- Thus 
UJl - UJ = ^(cij - cji)dpi Adpj + dpi A dPi 

i<j 

Since d{uJi — uj) = 0, the 2-form J2i<ji^ ~ ^i)dpi A dpj is closed (hence exact), 
and the functions (kj —cji are independent of the variables {xi, yi, Xn-m, yn-m)- 
Thus we can write 

'^{cTj - cji)dpi A dpj = dpi A 7^) 

i<j 

where ji are functions of variables {pi, ...,p^). Now put gi = Pi + ji. □ 
Consider the gi given by the lemma and define 

(4.3) qi = - g.,. 

Then with respect to the coordinate system {pi,qi,Xj,yj), the symplectic form uj 
has the standard form, the singular Lagrangian fibration is linear, and the free 
action of F is also linear. 

Remark. There is another proof of theorem |2.1l in the general case with trivial G 
which does not use lemma IT!^ It goes as follows. Assume that we have constructed 
the system of coordinates 

as before. Let Vj^ be the symplectic distribution 

T^R —< —— , Xm > 

dpi dpm 

and let Vs be the distribution symplectically orthogonal to Dn. Thus, we can write 

W = UJR+UJs- 



EQUIVARIANT NORMAL FORM FOR SINGULAR ORBITS 



15 



It is easy to check that Ds is an involutivc distribution. Denote by A/^ the integral 
manifold of Ds through the point p then uJs\p ~ ujj\fp\p. We can apply Theorem 
12. II to each Mg to obtain a new system of coordinates xi, yi, . . . , y^Z^ in a- 

neighborhood of the origin such that 



Finally, in the system of coordinates pi,qi,xi,yi, . . . ,pm, qmXn-m, J/n-m, the sym- 
plectic form uj has the standard form, the singular Lagrangian fibration is linear, 
and the free action of F is also linear. 

Thus we have shown that the original singular Lagrangian fibration near O is 
symplectically equivalent to a linear model (direct if F is trivial and twisted if F is 
nontrivial) . 

As was mentioned in the introduction, the group of all linear automorphisms (i.e. 
linear moment map preserving symplectomorphisms) of the linear direct model of 
Williamson type (fee, kh, kf) is isomorphic to the following Abelian group: 



In particular, F is necessarily a subgroup of (Z/2Z)''''. (It comes from involutions 
of hyperbolic components, and it does not mix the components) . 

Remark: In jTH] and jT3j Marie establishes a model for a Hamiltonian action of 
a compact Lie group in a neighborhood of an orbit. This result was obtained inde- 
pendently by Guillemin and Sternberg in |1(J| . In our construction a Hamiltonian 
action of an m-dimensional torus preserving the fibration determined by the mo- 
ment map comes into the scene. In fact the linearization result we have just proved 
can be understood as a generalization of Guillemin-Sternberg-Marle theorem in the 
case the group considered is T"*. It gives a linear model for a Hamiltonian action 
of a torus preserving an additional structure: a singular Lagrangian fibration. 

In order to prove Theorem l2.1l it remains to consider the case when the compact 
symmetry group G is nontrivial. 

In the case there exists an action of a non-trivial group G on V/T we have an 
induced action of G on V the following theorem shows that this action can be 
linearized. 

Theorem 4.3. Let G be a compact Lie group preserving the system (D™ x T™ x 
jj2(n-m) ^ X]"=i dpiAdqi + '^^^^"^ dxiAdyi, F) then there exists o, diffeomorphism 
defined in a tubular neighborhood of the orbit L = T™ which preserves the system 
(Z)" X T'" X i:)2("-™)^ ^™ ^ dp, A dq, + ^"J" dxi A rfy„ F) and under which the 
action of G becomes linear. 

Proof. After shrinking the original neighborhood if necessary, we may assume with- 
out loss of generality that we are considering a G-invariant neighborhood of L. First 
of all, let us express in local coordinates how the action looks like. We denote by p 
the action of G. For convenience, we use the simplifying notation p = (pi, . . . ,Pm) 
and (x, y) — {xi,yi, . . . , Xn-m, yn-m)- Since G preserves the system, in particular 
p preserves p and sends ^ to After all these considerations, for each h ^ G 
the diffeomorphism p{h) can be written as. 




T" X T''' X (M X X (R X . 
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p{h){p,qi, ■ ■ .,q,n,x,y) = {p,qi +g'l{p,x,y), . . . , + g'^{p,x,y),a''{x,y,p)) 

where the functions g'l^ and are constrained by more conditions given by the 
preservation of the system. Before considering these constraints, it will be most 
convenient to simplify the expression of first. This will be done using the local 
linearization theorem with parameters fProposition lH.Tjl . 

In order to do that, we restrict our attention to the induced mapping, 

p{h){p,x,y) = {p,a''{p,x,y)) 
and we consider the family of diffeomorphisms 'p{h)p : £)2(n-"i) — > jj2(n-m) 
fined as follows, 

p(h)p{x,y) = a'\p,x,y). 

We may look at p = (pi,...,pm) as parameters. For each p the mapping 
'p{h)p{x,y) induces an action of G on the disk £)2(n-»") which preserves the in- 
duced system , ^ dyi,h). Observe that the preservation of the 
induced system implies, in particular, that the action fixes the origin. 

According to Proposition l3 . 71 we can linearize the action p(/i)p in such a way that 

it is taken to the parametric-free linear action p(/i)o^^ . We can extend trivially the 
diffeomorphism <i>p in the disk provided by Proposition 13. 71 to a diffeomorphism ^' 
in the whole neighborhood considered, simply by declaring, qi, . . . , qm, x, y) = 
(p,qi, . . . ,qrm'^p(x,y)). This diffeomorphism does not preserve (in general) the 
symplectic structure to, let wi = ^*{uj), we can apply lemma [4.21 to lo and loi. 
Consider the Qi given by lemma W?^ and define 

(4.4) qz=qi-9f 

Then after this change of coordinates ui is taken to lo. For the sake of simplicity we 
will keep on using the notation qi for the new coordinates. After this linearization 
in the {x, ?/)-direction the initial expression of p{h) looks like, 

p{h){p,qi, . • .,qyn,x,y) = {p,qi + g^{p,x,y), . . .,qm + gt{p,x,y),p{h)o\x,y)), 

Since the action preserves the symplectic form dpi A dqi + X]"=i" d,Xi A dyi 

we conclude that the functions g^ do not depend on (a;, y) and so far just depend 
on the parameters (pi, . . . ,pm). 

That is, 

p{h){p,qi, ■ ■ .,q„,,x,y) = {p,qi + giip), ■ ■ ■ , qm + gtip),Pih)o\x,y)), 

Observe that if we prove that these functions g'' do not depend on p then we will 
be done because then the induced action on T™ will be performed by translations. 
And, in all, the action will be linear. 

Consider H = {p{h), h G G}, we are going to prove that this group is abehan. 

We have to check that p{hi) o p{h2) — p(/i2) o pi^i) 

We compute 

p{hi) o p{h2){p,qi, . . . ,qm,x,y) = 

(P, qi + (P) + gl' (p), . . . , 9™ + gt' ip) + gt' {p),pihii'^ ° Pih2i'^ ix,y)) 
on the other hand. 
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p{h2) o p{hi){p, 91, ... , Qm, X, y) = 

b, 91 + gl' (P) + 5^ (P), qrn + 5™^ ip) + <?:^^ {P),pih2i'^ o p{h,i'^ (x, y)) 
Clearly, the first 2m components coincide. As for the 2(n — m) last components, 
we can use the fact that Q' , the group of linear transformations preserving the 
fibration and the symplectic form is Abelian, as we pointed out in the introduction. 

So far we know that the group TL is abelian. It is also compact, therefore it is a 
direct product of a torus T'' with finite groups of type Z/nZ. We are going to check 
that for each p{h) E H the functions g'l do not depend on p. It is enough to check 
it for p(h) in one of the components Z/nZ and T*". So we distinguish two cases, 

• p{h) belongs to Z/nZ. 

Then p{h)'^ — Id this condition yields, ng^{p) = 2Trmi{p), mi(p) G Z for 
all 1 < i < m. Since mi{p) is a continuous function taking values in Z it is 
a constant function nn. Thus, (p) = and g^ does not depend on p. 

• p{h) belongs to T"". We can consider a sequence lying on the torus 
which belong to a finite group Z/A;„Z and which converge to p{h). For each 
of these points p{hn) we can apply the same reasoning as before to obtain, 
5f"(p) = ^- 

Now for each n, the diffeomorphism p(hn) does not depend on p, we may 
write this condition as, 

dp{hn) 1 ^ ■ / 

7, = U, 1 < i < TO 

OPi 

Now since the action is smooth we can take limits in this expression to 
obtain that 

==0, l<i<m 

opi 

and finally (?f (p) does not depend on p. 
And this ends the proof of the theorem. □ 

This linearizes the action of G on V . After considering the quotient with the 
action of F this theorem yields Theorem 12. II 

5. Appendix: Nonresonance versus nondegeneracy 

As pointed out by Ito ^2^] (see also P^), in the real analytic case, the nonde- 
generacy condition explained in the introduction this paper is essentially equivalent 
to the nonresonance condition. However, in the smooth case, this is no longer true: 
smooth integrable systems which are nonresonant at a singular point can be very 
degenerate at that point at the same time. In particular, we have: 

Proposition 5.1. Let7i,...,7„ be any n -tuple of positive numbers which are lin- 
early independent over Z, n > m + 2, m > 0. Then, there is a smooth inte- 
grable Hamiltonian function H in a neighborhood of the (elliptic invariant) torus 
jrn = X {0} X {0} m the standard symplectic space (T™ x E" x ]R2("-™)^t^g ^ 
Y,"Li dpi A % + Er=m+i A dy,), such that H = ^ J2T=i l^Pi + Er=m+i 7i(a;- + 
yf) + higher order terms at T™, and such that H does not admit a -differentiable 
local Birkhoff normalization near T™ (i.e. the corresponding Lagrangian fibration 
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cannot be linearized). Moreover, this integrable Hamiltonian Junction H can be 
chosen so that it does not admit a non-trivial symplectic -symmetry near T™. 

In the above proposition, by integrability of H we mean the existence of a smooth 
moment map (i^i, F„) from a neighborhood of = T"^ x {0} x {0} in T™ x 

R™ X M2("-m) ^n^ ^j^j^ ^ jj^ g^^j^ ^^^^ 1^^^ ^^.| ^ dFiA...AdFn^O 

almost everywhere. By "higher order terms" in H we mean terms which are at least 
quadratic in variables pi, or cubic in variables pi,Xi,yi. According to Sard's theorem 
(about the set of singular values) and Liouville's theorem, almost all common level 
sets of such a moment map are Liouville tori. The condition that 71,..., 7„ are 
independent over Z means that T™ x {0} x {0} is an nonresonant invariant elliptic 
torus of the Hamiltonian H. Recall that if there is a differentiable Birkhoff normal 
form, then (since we are in the elliptic case) , the system also admits a Hamiltonian 
T"-symmetry near the elliptic singular orbit. Thus, if the system does not admit 
a non-trivial S^-symmetry near T™, then of course it cannot admit a differentiable 
Birkhoff normal form. 

The proof of Proposition 15.11 is inspired by what happens to generic perturba- 
tions of integrable systems; resonant tori that break up and give way to smaller- 
dimensional invariant tori, homoclinic orbits, diffusion, etc. Usually this breaking 
up of resonant tori leads to a chaotic behavior of the system, see, e.g., "^r. In order 
to prove Proposition 15.11 we will construct an integrable perturbation of the qua- 
dratic Hamiltonian ^ liPi + X]"=m+i lii^l + vf) + higher order terms at T™ 
in such a way that there are also invariant tori arbitrarily close to "Y^ that break up. 

First let us consider the case with to = (i.e. a fixed point). Our construction 
of H in this case consists of two steps. 

Step 1. Creation of resonant regions. 

Choose a smooth function (5(/i, ...,/„) of rt variables /i, with the following 
properties: 

a) Q(0) = 0, and the linear part of Q at is ^7^/^. 

b) There is a series of disjoint small open balls Uk in M" = {(/i,...,/„) G 
R", Ii > 0, ...,/„ > 0}, which tend to (in Hausdorff topology) as fc — > 00, such 
that we have 

Q(/i,...,/„) = ^7f^. V (/!,...,/„) ef/fe , 

where 7*^ are rational numbers such that limfe^oo 7^ = 7i- 

Of course, such a function exists, and it can be chosen to be arbitrarily close to 
C°°-topology. Now put 

Hi = Qixl + yl...,xl + yl). 

Then for this integrable Hamiltonian function Hi, there are open regions T4 C 
M^" arbitrarily close to in M^" which are filled by resonant tori in which the 
Hamiltonian flow of Hi is periodic. These regions Vk are preimages of the open 
sets Uk chosen above under the moment map (/i, ...,/„). 

Step 2. Creation of hyperbolic singularities. 

We will modify Hi inside each open subset Vk by a C°°-small function which is 
flat on the boundary of Vk, in such a way that after the modification our Hamil- 
tonian function remains integrable inside Vk but admits an hyperbolic singularity 
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there. Since Hi has periodic flow in Vk for each fc, we can create a common model 
and then put it to each T4 after necessary rescahngs. The model can be done for a 
2-dimensional system depending on n — 1 parameters, and then take a direct prod- 
uct of it with T"~^. In the 2-dimensional case, it is obvious how to change a regular 
function on x into a function with a hyperbolic singularity by a C°°-small 
perturbation. After the above modifications, we obtain a new smooth Hamiltonian 
function H2, which is C°° -close to Hi, which coincides with Hi outside the union 
of Vk , and which is still smoothly intcgrable (though smooth first integrals for H2 
will necessarily be very degenerate at 0). Note that, by construction, the quadratic 
part of H2 at is J2i=i ni^i + Vi)- 

Since H2 has hyperbolic singularities arbitrarily near 0, it cannot admit a differ- 
entiable Birkhoff normal form in a neighborhood of 0, for simple topological reasons 
concerning the associated Liouville foliation. It is also easy to see that H2 cannot 
admit an S""^ symmetry near 0: if there is a symplectic S-^-action in a neighborhood 
of which preserves H2, then this action must also preserve the hyperbolic periodic 
orbits of H2 in the resonant regions Vk- This, in turn, implies that there is a nat- 
ural number N such that N-y^ G Z ,yk,i, which is impossible by our construction. 

Let us now consider the case m > 1. For simplicity, we will assume that m = 
1. (The case m > 1 is absolutely similar). We will repeat the above two steps 
to create hyperbolic singularities, but with n replaced by n — 1 (recall that by 
hypothesis n > m + 2 so n — 1 > 2). The regions Vk now lie in i?^""^, and 

H2 = X]i=2 + ■■■ By choosing our open sets Uk, we can assume that there is a 
function F = F{x2 + yl, + y?i) on IR^""^, which is flat at 0, and such that 

F=^{xl + yl) in Vk 

Denote by (p the time-1 map of the Hamiltonian vector field Xp of F on M^""^. 
Observe that (/? is a symplectomorphism formally equivalent to the identity map at 
0, and that in each region Vk the map if generates a nontrivial Z/fcZ symmetry (i.e. 
the fc-times iteration of (p in Vk is the identity, and the lower iterations arc not). 
Now we can construct H2 in such a way that in each region Vk it is also invariant 
under the Z/fcZ symmetry generated by (p. Then, since H2 = Hi outside of the 
sets Vk, and {Hi,F} = by construction, the map preserves H2 everywhere in 

We now construct our symplectic manifold using suspension. More precisely, 
consider the free component- wise symplectic action of Z on x R^""^^ where the 
action of Z on IR2"-2 jg generated by (p, and its action on (-^yith coordinates {p, q) 
and symplectic form dp A dq) is generated by the shift {p, q) 1— > {p,q+V). Then the 
suspension of (p is the quotient of x R^n-a j^y ^^lis Z-action. Denote this quotient 
by M and denote the projection by tt. Let Vk be 7r(R2 x I4). Observe that the 
function H2 is ys-invariant and both functions, H2 and p, are invariant by the shift 
therefore H^ = ^p + H2 can be projected to M. We denote by H3 the projection 
of Hs- Since Hs is intcgrable on x R^"^^ ^^-^j ^j-^^ action defining the suspension 
is symplectic, the function H3 defines an intcgrable Hamiltonian system on M . We 
denote by Lk an orbit of Xjj_^ through an hyperbolic singularity of H2 in the region 
Vk and denote by L be the orbit of Xjj^ through the origin O. Observe that, by 
construction, the orbits L and Lk are circles. Let us see that there is no symplectic 
S^-action preserving Hs in a neighborhood of L. Assume there existed one, then 
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the orbits of Xjj^ would also be preserved by this action. Given an action of a Lie 
group (j) : G X M — > A/, we use the standard notation Gx for the isotropy group 
at the point x. We are going to use the Slice theorem to reach a contradiction. 

According to the Slice Theorem |2U| for proper group actions there would exist 
a slice for the action through x € L. Take x — 0,we denote by S the slice through 
the origin. From now on, we are going to consider a neighborhood of L invariant 
by this §^-action. Then, there exists a fco such that for all k > ko, the orbit is 
fully contained in this neighborhood. Since S* is a slice, the orbit L^. is transverse 
to S at each p d S and if 5 H is not empty then it consists of a finite number of 
points. Further, by construction, S Cl Lk consists exactly of k points {pi, . . . ,Pk} 
for k > ki. Those points lie in an orbit for the action, therefore for each pi we 
can consider an element gi £ such that (j>{gi,pi) = pi and all the gi obtained 
in this way are different. Following ^j, if 5 is a slice though x then ioi p E S 
and g d G the condition 4>{g,p) G S implies g G Gx- Therefore all the elements gi 
are contained in Sj, the isotropy group at the origin. By construction, k tends to 
infinity as we are approaching the origin, and §J is a compact group containing an 
infinity of elements, therefore Sj = S^. This yields a contradiction because then 
the orbit through the origin would be reduced to a point. Therefore there exists no 
symplectic §^-action preserving H3. 

This ends the proof of the proposition. □ 

Acknowledgements The authors wish to express their gratitude to the referee 
for the many suggestions done. We feel that these enlightening remarks have im- 
proved considerably the initial version of this paper. In fact, it was following the 
referee's suggestions that Theorem 13 . 21 was finally included in the paper. 

The first author also wants to thank Carlos Curras-Bosch for his remarks and 
Ignasi Mundet i Riera for drawing her attention to the fact that the path used 
in the proof of Corollary 13.41 does also preserve any fibration with homogeneous 
component functions. 



References 

1. S. Bochner, Compact groups of differentiable transformations. Ann. of Math. (2) 46, (1945). 
372-381. 

2. M. Chaperon, Quelques outils de la theorie des actions differentiables. Third Schnepfenried 
geometry conference. Vol. 1 (Schnepfenried, 1982), 259—275, Asterisque, 107-108, Soc. Math. 
France, Paris, 1983. 

3. Y. Cohn de Verdiere and J. Vey, Le lemme de Morse isochore., Topology 18 (1979), 283-293. 

4. Y. Colin de Verdiere and S. Vu-Ngoc, Singular Bohr-Sommerfeld rules for 2D integrable 
systems, Ann. Scient. Ec. Norm. Sup. 36, 2, 1-55, (2003). 

5. C. Curras-Bosch, unpublished note (2001). 

6. C. Curras-Bosch and E. Miranda, Symplectic linearization of singular Lagrangian foliations 
in M^, Diff. Geom. Appl. 18 (2003), no. 2 , 195-205. 

7. J. -P. Dufour and P. Molino, Compactification d'actions de R" et variables action-angle avec 
singularites, Symplectic geometry, groupoids, and integrable systems (Berkeley, CA, 1989), 
Springer, New York, 1991, pp. 151-167. 

8. L. H. Eliasson, Normal forms for Hamiltonian systems with Poisson commuting integrals, 
Ph.D. Thesis (1984). 

9. , Normal forms for Hamiltonian systems with Poisson commuting integrals — elliptic 

case, Comment. Math. Helv. 65 (1990), no. 1, 4-35. 



EQUIVARIANT NORMAL FORM FOR SINGULAR ORBITS 



21 



10. V. Guillemin and S. Sternberg, A normal form for the moment map, Differential geometric 
methods in mathematical physics, (S. Sternberg Ed.) Reidel, Dordrecht, Holland, 1984. 

11. H. Ito, Convergence of Birkhoff normal forms for integrable systems, Comment. Math. Helv. 
64 (1989), no. 3, 412-461. 

12. , Action-angle coordinates at singularities for analytic integrable systems., Math. Z. 

206 (1991), no. 3, 363-407. 

13. J.Liouville, Note sur I'integration des equations dijjerentielles de la dynamique, presentee 
au bureau des longitudes le 29 juin 1853, Journal de Mathematiques pures et appliquees 20 
(1855), 137-138. 

14. C-M Marie, Sous-varietes de rang constant d'une variete symplectique. Third Schnepfenried 
geometry conference. Vol. 1 (Schnepfenried, 1982), 69-86, Astcrisquc, 107-108, Soc. Math. 
France, Paris, 1983. 

15. C-M. Marie, Modele d'action hamiltonienne d'un groupe de Lie sur une variete symplectique. 
Rend. Sem. Mat. Univ. Politec. Torino 43 (1985), no. 2, 227-251. 

16. H. Mineur, Sur les systemes mecaniques admettant n integrates premieres uniformes et 
I'extension a ces systemes de la methode de quantification de Sommerfeld., C. R. Acad. Sci., 
Paris 200 (1935), 1571-1573. 

17. , Reduction des systemes mecaniques d n degre de liberte admettant n integrates pre- 
mieres uniformes en involution aux systeme a variable separees., J. Math Pure Appl., IX Ser. 
15 (1936), 385-389. 

18. , Sur les systemes mecaniques dans lesquels figurent des parametres fonctions du 

temps. Etude des systemes admettant n integrates premieres uniformes en involution. Ex- 
tension a ces systemes des conditions de quantification de Bohr- Sommerfeld., Journal de 
I'Ecole Polytechnique, Serie III, 143eme annee (1937), 173-191 and 237-270. 

19. E. Miranda, On symplectic linearization of singular Lagrangian foliations, Ph.D. Thesis, Uni- 
versitat de Barcelona, 2003. 

20. R.S. Palais, On the existence of slices for actions of non-compact Lie groups, Ann. Math. 73 
(1961), no. 2, 295-323. 

21. M. B. Sevryuk, Invariant sets of degenerate Hamiltonian systems near equilibria, Regul. 
Chaotic Dyn. 3 (1998), no. 3, 82-92. 

22. J. Vey, Sur certains systemes dynamiques separables, Amer. J. Math. 100 (1978), no. 3, 
591-614. 

23. A. Weinstein, Symplectic manifolds and their Lagrangian submanifolds. Advances in Math. 6 
1971 329-346. 

24. A. Weinstein, Lectures on Symplectic submanifolds. Regional Conference Series in Mathemat- 
ics, 29, American Mathematical Society, Providence, R.I., 1977. 

25. Nguyen Tien Zung, Symplectic topology of integrable Hamiltonian systems. L Arnold- Liouville 
with singularities.. Compos. Math. 101 (1996), no. 2, 179—215. 

26. , A note on degenerate corank-one singularities of integrable Hamiltonian systems. 

Comment. Math. Helv. 75 (2000), no. 2, 271-283. 

27. , Convergence versus integrability in Birkhoff normal form, |math.DS/0104279 Ann. 

of Math, (to appear) (2004). 

Departament d'Algebra I Geometria, Facultat de Matematiques, Universitat de Barcelona, 
Gran Via de les Corts Catalanes 585, 08007 Barcelona, Spain 
E-mail address: evaniiranda@ub.edu 

Laboratoire Emile Picard, UMR 5580 CNRS, UFR MIG, Universite Toulouse III 
E-mail address: tienzungaplcard.ups-tlse.fr 



